Abstract. In the following text we prove that for all finite p ≥ 0 there exists a topological graph X such that {p, p + 1, p + 2, . . .} ∪ {+∞} is the collection of all possible heights for transformation groups with phase space X. Moreover for all topological graph X with p as height of transformation group (Homeo(X), X), {p, p + 1, p + 2, . . .} ∪ {+∞} again is the collection of all possible heights for transformation groups with phase space X.
Preliminaries
By a transformation group (G, X, ρ) or simply (G, X) we mean a compact Hausdorff topological space X, discrete topological group G with identity e, and continuous map ρ : G × X → X (g,x) →gx such that for all x ∈ X and s, t ∈ G we have ex = x and s(tx) = (st)x. In transformation group (G, X) we say the nonempty subset Y of X is invariant if GY := {gy : g ∈ G, y ∈ Y } ⊆ Y [2, 3] . For closed invariant subset Y of (G, X) we denote height of Y (or (G, Y )) by h(G, Y ), where h(G, Y ) := sup{n ≥ 0 : there exist distinct closed invariant subsets Y 0 ⊂ Y 1 ⊂ · · · ⊂ Y n = Y of (G, X)} which has been introduced for the first time in [7] (for more details see [1] ). By a dynamical system (X, f ) we mean a topological space X and homeomorphism f : X → X. there exists a one to one correspondence between the collection of all dynamical systems (X, f ) with phase space X and transformation groups (Z, X, ρ) (with nx(= ρ(n, x)) = f n (x)); more simply one may consider transformation group ({f n : n ∈ Z}, X) instead of dynamical system (X, f ). For topological space A suppose Homeo(A) denotes the collection of all homeomorphisms f : A → A and P h (A) = {h(G, A) : (G, A) is a transformation group}(= {h(G, A) : G is a subgroup of Homeo(A) under the operation of composition of maps}). For homeomorphism f : A → A let < f >:= {f n : n ∈ Z}. By a topological graph we mean a compact connected metric space X which is finite union of arcs such that every two arcs intersect each other in at most their end points (where each topological space homeomorph with [0,1] is an arc and points in correspondence with 0,1 are end points) [6] (moreover one may see [4, 5] as examples of papers on dynamical and topological properties of topological graphs).
Unit interval
In this section we prove that the collection of all possible heights for unit interval transformation group (G, [0, 1]) is {1, 2, 3, . . .} ∪ {+∞}. Proof. If A is infinite, let G = {id A }, then h(G, A) = +∞ (since for each x ∈ A, {x} is a closed invariant subset of (G, A)). Now suppose there exists K with h(K, A) = +∞, thus {Kx : x ∈ A} is infinite, in particular the collection of subsets of A is infinite and A is infinite.
Proof. By Lemmas 2.1 and 2.2 we have +∞
. Therefore we have:
Proof. For f ∈ Homeo([0, 1]) we have the following two cases: Case 1: f (0) = 0, f (1) = 1. In this case f is increasing and the only periodic points of f are fix points. If f has infinite fix points, then {{x} : x is a fix point of f } is an infinite set of closed invariant subsets of (< f >, [0, 1]) thus h(< f > , [0, 1]) = +∞. Otherwise the collection of periodic (fix) points of f is finite. Choose
∈ {f n (x 1 ) : n ∈ Z} ∪ {f n (x 2 ) : n ∈ Z}. By using this method and choose sequence
Circle
Consider unit circle
In this section we prove that the collection of all possible heights for circle transformation group (G, S 1 ) is {0, 1, 2, 3, . . .} ∪ {+∞}.
Using the same notations as in the proof of Theorem 2.3 for n ≥ 1 there exists subgroup G of Homeo([0, 1]) with G0 = G1 = {0, 1} and |{Gx :
Star
For n ≥ 3 suppose * n is the star graph with n + 1 vertices {0, 1, . . . , n} and n edges In this section we prove that P h ( * n ) = {2, 3, . . .} ∪ {+∞}.
Proof. Since {0} ⊂ {0, 1, . . . , n} ⊂ * n is a chain of closed invariant subsets of (G, * n ), we have h(G, * n ) ≥ 2. Moreover:
Thus {Homeo( * n )x : x ∈ * n } has 3 elements and h(Homeo( * n ), * n ) = 2.
Proof. By Lemmas 4.1 and 2.2, +∞, 2
n}) .
And {Gx : x ∈ * n } has 2p + 3 thus h(G, * n ) = 2p + 2. Choose {y k } k∈Z in [x 0 , x 1 ] with x 0 < · · · < y −2 < y −1 < y 0 < y 1 < y 2 · · · < x 1 and lim
And {Hx : x ∈ * n } has 2p + 4 thus h(H, * n ) = 2p + 3.
Choose sequences {w
: k ∈ Z}} (where i + 1 has been considered module n, so for all f ∈ M we have f ({w
And {M x : x ∈ * n } has 4 elements thus h(M, * n ) = 3, which completes the proof.
An arising question
Using previous sections we have
. Now this question arises: For p ≥ 0, is there any graph like G with
In this section we prove that the above question has positive answer.
Proof. Use the fact that for x, y ∈ X if Hx = Hy, then Gx = Gy, thus |{Gw : w ∈ X}| ≤ |{Hw : w ∈ X}|. 
So {Homeo(X n )x : x ∈ X n } has 4n− 9 elements, and h(Homeo(X n ), x) = 4n− 10. Using Lemmas 2.2 and 5.1 we have 4n − 10, +∞ ∈ P h (X n ) ⊆ {4n − 10, 4n
] is a star graph with 3 edges, by Theorem 4.2 there exists K(⊆ Homeo( * 3 )) with
)} has 4n − 12 + (t + 1) elements, thus h(G, X n ) = 4n + t − 12. Hence P h (X n ) = {4n − 10, 4n − 9, 4n − 8, . . .} ∪ {+∞}. Using n ≥ 3, leads us to the desired result. Then P h (W n ) = {4n − 8, 4n − 7, 4n − 6, . . .} ∪ {+∞}. Also suppose W is the graph , then P h (W ) = {4, 5, 6, . . .} ∪ {+∞}, which completes the proof by Theorem 3.1. 
Theorem 5.8. In the graph X, the following statements are equivalent: 1. X is S 1 (i.e., X and S 1 are homeomorphic spaces), 2. P h (X) = {0, 1, . . .} ∪ {+∞}, 3. 0 ∈ P h (X), 4. all vertices of X have degree 2.
Proof. Using Theorem 3.1, we have "(1) ⇒ (2)". Moreover by [6, Corollary 9.6], we have "(4) ⇒ (1)". We should just prove "(3) ⇒ (1)". Suppose D denotes the collection of all vertices of X with degree else 2, moreover suppose D = ∅, then for all group G in transformation group (G, X), D ⊂ X are two invariant closed subsets of X, thus h(G, X) ≥ 1 and 0 / ∈ P h (X).
Theorem 5.9. For graph X we have h(Homeo(X), X) < +∞ and P h (X) = {h(Homeo(X), X), h(Homeo(X), X) + 1, . . .} ∪ {+∞}.
Proof. It's evident that for x ∈ (a, b) ⊂ X we have [a, b] ⊆ xHomeo(X), suppose X is not circle and V is the collection of its vertices, also E is the collection of its edges. Then {xHomeo(X) : Note to the fact that for all x, y ∈ X we have xHomeo(X) ∩ yHomeo(X) = ∅ if and only if xHomeo(X) = yHomeo(X), hence by (A) and (B) exactly one of the following cases occurs:
• {a 1 , . . . , a n } = Homeo(X)a 1 and {b 1 , . . . , b n } = Homeo(X)b 1 , • Homeo(X)a 1 = Homeo(X)b 1 = {a 1 , . . . , a n , b 1 , . . . , b n }. We have the following cases: Case 1: Homeo(X)a 1 = {a 1 , . . . , a n } and Homeo(X)b 1 = {b 1 , . . . , b n } (so for all i ∈ {1, . . . , n}, Homeo(X)a i = {a 1 , . . . , a n } and Homeo(X)b i = {b 1 , . . . , b n }). Using a similar method described in Theorem 4.2, for m ≥ 1 choose:
0 for all i ∈ {1, . . . , n}. Let H = {f ∈ Homeo(X)∀i ∈ {1, . . . , n} ∃t ∈ {1, . . . , n} ∀j ∈ {0, . . . , m} (f ({y Case 2: Homeo(X)a 1 = {a 1 , . . . , a n , b 1 , . . . , b n } (so for all i ∈ {1, . . . , n}, Homeo(X)a i = Homeo(X)b i = {a 1 , . . . , a n , b 1 , . . . , b n }).
Using a similar method described in 
